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Systems 

V/e use a Directed Hyper-gr:apr1 rnodel tf1at allows the reductíon of 

!n Horn SystetTlS to u-~2 calculatíon of a Llneaf' Prógrarnming prob1ern 
rea:;!tJle :~olution 2ssoc1ateli toa Unit Flow sear-cnmg. \Ve explore the app11cat10n of 
üns tool m tl1e calcu1at10n of Certznnty Factors Since several Expert Systems 

Bases :1re exoressed, or can be expressed, with Horn c;auses associatecJ 

res•Jltadc de este 

the resuns of ttlls work can be applíed to Kno\f.tledge 
nt:3e results sMw the importance or trle 

Optmmation models to Expert Systecns 

oerrnite reclucir 

en la búsqueda en tales 

1cz: de le::=. rnoc!e1os de 

ele la ap1ir:3ción 

área de Sistema:, 



:n :ast fe·N years, Expert Systems [2.5] have become one oF trH? :,-¡ost 
,¡¡,;:njrUnt ar·eas ¡¡¡ Artifícísl intelligence. This technology has been a 
wttje ,at·lety or c,racJ1cal ~H-nblems resolution, and has been estatllished as a "1ew 

1n·9 rnett'lodology paradigm. In thís·way, the knowledge useo tulld:ng a 

s·;stern transcends program :1m1ts and t)ecome part or tr1e data That is w:·,y E:<pert 

srems are also called Knowleclge-Dasecl Systems. 

·i"lí'!')'.i:' :.ctw:nes ar-e used to rerresent a g1ven l<novv: 
f/,¡·,c,;,1ed~le Base 1s usua:ly mod:f¡able user interac:twn 

1n or(ie1 ;:o p¡·ocJuce new l<nowledge or to ct1en; H 

sPen ~s a part1cular case ot 

¡:-rorn otflH' PC!It'it or •Jie\eJ, lí'l [1 i]. ¡t was a ¡j¡recte-d {\\fl'•">rcw·c;, 

nasecl rnuJel ror Horn ciauses systems, wnich ieao~. ro the eqU1va!ence between 
l::;gva: decJ:JCtlon in sucr-, sy:tems anda lmear problem ccrresponding 
te;" •Jeneralization of flow to clir·ected r¡ype¡·gr.apiJS 1;/itr; this acrxoacil, we consider 

ín tnís iNVk t1'1e ¡nclusion or Certamty Factors ir: the rnooe1 

in sectíon 2, vve p;-esent the cJe'i'initlons ana resuíts of Directed Hypergraphs, 

FJ(i',,.:: ano Hor'n ~,ysterns tl1at we U:3e in tnis work ln sect10n 3, we cons1der ·;arlous 
sei;P·"rnes rc,r Certnmty F;xtor-s and t¡ow can í)e m1plernented 1r1 ttw3 Linear r·,¡r,oel 
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2.- Dírected Hyoergraptls and Horn systems 

~n or~)"r to won vv1tn tne dual of linear ::wotJlerns for-mulated on the JnCldence 
matrL'< 1)f a gr·aoh, Ber-ge [1] introduced t11e definltion of trypergraph, a 
gHréralí:::at~on oí ti1e conceot of gr-aph, whicl-1 c:onsi::.t of a set uf ver-tices arHJ <1 
ran11.!y ur ¡-¡ypereocws. e:-1cn one a subset of ver'tlces w1tr1 cardinallty not rest1'1cterj 
to oe eqr_¡a! to two \;;;::: 1t 1s on ';Jrapi¡S) In th1s way any matrix wíth only ZF:ro or one 
\·aiut:d e:-,trles 1s tr;e incidence matrix of a hypergraph and so it 1s its transpose 
U:sual1y enwty ¡;¡yperecJ9es are undesired, and isolated vertices are al:so forbldden, in 
orce;- to a-=~.t.YP t1'1a! rne dual holds ttw sarne property The same JCJea may be 
U1v:a11y eYtenoed to directed graphs, leading to the concept of d1rected hypergraphs 
or ¡j¡!¡yper~}'aptis 

2 1 - Oer'!!dt/cm Let v be a finíie nonempty set, and let E r;;; 'P( v)2 
Then the pa1r H = ( V,El is a directed hypergraph iff 'V e E E such that e = 

Ct(e)J¡(e)) • 

01 t(e) n h(el = 0 

Ol) tee) u h(eJ"' 0 

An e1ernent of 'J wíll be cal \ed a verte:< andan element of E w11l be called a 
tlyDeredge or s1mr~ly ar, e'j9e wher1 not \eadmg to confusion. Hencefortr:. tlw set of 
ali vertices of a directed hypergraph H wm be denoted as VH and the set of ali lts 
edges as EH, wr,en not leading to confusion the subindex H wiil be orn1tted. ií e= ( v·, 
V") is an edge of a directed hypergraptr, V' will be called the tail of e, and V" Uw 

!1ead of e. Tire tan uf an edge e will also be denoted as t(e) and its t1eao as r¡(e) 

A dwected !¡yperg:-aph is ther-eiore a pair of sets a set of vert1ces and 2 set 
cf ~r¡peí'edge::., vvhere the head and the tail of a hyperedge are allowed to be a'-l\1 pan· 
;A diSJOlnt set c1f ·verticesl not both empty. 
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,,.! ~r\ 1 :' 'Nc:n~ any r m !te set 1s allowec to De an moex se t. A vectr>r ,A, 

~,., ith inde~: on a set 1 wi ll be denoted bV A= ( a1 : i E 1 l, and a¡ wlllbe the entry of A 
indexed by L A. mJtri;< 11 indexed on two sets 1 and J, will be denoted by 1'1 = ( rni,j 
. i t: !, J t;: J ), where rni,j will be the entr/ of M indexed by 1 and j, M may be 

interpreted as a vector mdexed ón the cartes1an product of 1 and J, that 1s r1 = ( 
m(,,¡) . (i,ji E 1 X J ) A. function F with domain in a flnlte set D Wí 11 be represented 
by u·,e vector F =e fd. dE D) where fp ': F(d). 

2.2- Delinltion.· Let H be a directed hypergraph. Then th~ inciaence matn:< 
of H will be H = (1\,,e . vE V; e E E), wtere: 

tf ( V E h(e) ) ¡ -: 
(¡ 

if ( v -c tí e) ) 

1f (ve trel u h(el; 

A¡¡y matrix witr, only O, 1 and -1 valued entries iS ttum tl1e incirJence m~trix 
cif a directecf fyypergr·aon if it tioes not have two equal colurnns ora Zf'ro colunm 

2.3.- Dellitition A path, from s0 to sK (k 2 0), in a d}recten hypergraph H is a 

ser¡uence M fonn: 

(¡) Vi E [O ki ( Sj E P( V)) 

(!l) v í E [ 1 .k] ( e1 E E ) 
(¡'¡'¡) '1 i E [l.. k) ( ( t( e¡ ) (1 S1_ 1 '"' 0 ) '' ( h( e1 ) íl S¡ "' 0 ) ;· 

The edg~ sea1Jeoce assoc1ated to a path is e1 e2 ... e,. The iength of a 

p:3q-, P ( -::1E>not~d t,y length(P) ) ís the tot3l numbe1· of nccuiTenc¡:.s of edges in 



1t::; edg:' sequence, i. e. lengtn\s0e1s1e2s2 ... sk_ 1 eks~) =k. Ttv: set oí edges ir1 a patr1 P 
\~·/i;i be c:er¡oteo as S-(P.i, 1. e. S. (S0e1s1e2s2 ... sk-leks~) =f. el· 1 E í 1 ~:, J 

iiYiS 1s a very weak pat11 concept i~ext, we introduce t11e stronger concept o1 
¡r;,:re~iSing paths wr1ere the initial set of vertices s0 grows in the path by mear1 of 

tr1e eage2; Hi it 

2 "l- [),t 'li:l!cNt A.n mcr-easir,:¿ path 111 o dir'ecte'1 hyper-grav~ ~ 1·:, a patt·, or 
;¡,~:> : orrn 

(,:) \' l J: ( t ( e¡ ) k 51_ 1 ) 

(Ji) 'V 1 E IUJ ( S¡ = s1_1 u h ( e1 ) l 

Now we pr·esent a generalization or the problem of flow in networks [4) to 
t1JI'ected h'ypergraphs. Most of notation and defwdtions are extended fr-on1 [ 1 O]. 

2.5- Oet/f:!tfon: Let H be a directed hypergraph. Then a flow F in H 1s 
_iust a function of tr1e edges of H into the real number-s, i. e. F :E,..¡:. IR Tr1e value 
F(e) wi1l tH· calieci t11e l..l1J2;_or trH~ edge e. f.., flow F is an integral flow 1ff for 
alt e in E, tne fluy of e is mteger·, that 1s Range(F) e rN For- a now F, tr1e set of 
edges witl, positíve flux wíl1 be denoted. as P(Fl, 1. e. P(Fl = (e E E. F(e) > o_¡ 
A fiow F will be called a ilonnegative flow iff ít has nonnegatlve flux for all edges, 
l p p( -F) = 0 

2 6- Oé?!m/!/on- Let H be a -directed r¡yc;ergrapi', and let F be a flow 11, H. 
The< _¡jjye!1Jence fuoction 0f F is DivF • v ...¡. fR, 'Nt'ter-&. 

DíVF(\1)=-Í:¡eEf:v.:h(e))F(e;- L [ed:vet(eJ) F(eJ 

Note that divergence fu!lction for V¡ can be c:alcuiated t·y muiliplyn:g 1lb. r:-·YJ: 
of the incidence matríx of H by tl1e vector F. Tl"!t::refore· 

2 7- L"f?mma.· Let H t'~ a directed hypergrapr1 and Fa f~ow ;n H, t11en: 

H * f = DlV F 
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iT 1': r¡¡ S[)f'Ci.::J! ''!Té<"eST triP (O'lSICi€r·t:lllOI\ ni f10i"lf1P~F1t1Ve (IOWS Wltti 

'""'='''r:t<dno: on t.he rJ¡•;ergences ."T!:ese rest.rKtlOnS w11i be, ror the diver-9ence M 

"'Z::·r, n0c'e. of one of the fc•llowmg types equal toa given va1ue, less tr1an or equal, 
~;r~::G~'.er u,.:m ,_¡r eaual, or unrestricted. Now, if R 1s a vector of restr·ictions and Da 
cor,stant vector. both inde:x:ed on VH then the set of nonnegative flows satisfyíng 

sucn rp~;tnct10ns. wnJ be equai to the ~et of feaslble solut10ns to U1e Jmear 
prc:grarr:mmg proolem H ~ F R D ; F ~ O. ~.ince for the scope of this paper only 
nür1negat¡ve flows are relevant, thereafter vmenever a flow appear·s it will be 
assurnr::Ci to t>e "nonnegative flow. 

~.8- !Je/'irJ?t!on· Let H be a dírected hypergrapr¡, v· and V" disjoínt 
suU:.ets of V, and let F be a flow in H. Then F is an unít flow from v· to V" iff 

(;) '1 v E V" ( DivF( v ) = 1 ) 
1 ¡f) 'V V E V - ( V' u V" ) 

Note that a unít flow is a soec.ía1 case of restr1cted flow, so a flow 1s a un1t 
f\)w tff ít. 1s a feastble ~.üiutlon of the Hnear protdem 'H '?< F R D; F.:: o, wr1ere r! 
1·:: an eoua11ty for every vertex m v - v· 3nd no resrrJCt10n ror ~very verte\ :n v·. 
Jnd d., iS 1 for all vertices m V" andO for a11 vert1ces m V- ( v· u V" J Th1s can 

L:t: stated in u-;e followíng lernma 

2 9- L&mmB" Let H be a dwected hypergraph, v· y v· two disjoínt subsets of 

V, ancl Fa flow in H. Then F is a unit flow iff it 1s a feasib1e solution of thf' linear 
proolern H * F R D; r >O, where R atid D are as liescr-¡bed at1ove 

o 

Nv,r, we introrJuce U1e log1c rno¡jel we use in trlis wor·k. lt is based in a 
r;arttctl!ar c:ass of clauses, very import;;Jnt fnr the Slrnpllclt}' of the der1Vat1ons 
wlrJ¡ trlern ar·Hj n1e1r sunar;leness ror expressmg rnost ot knowledge, ar·e Horn 
cL3uses [6] in v·ll'llCI"'I Utere 1s only one atomic propositwn at the rigr1t Slele, i. e. 
cL3uses of tr1e form: i\¡ Pe p l p ~ p' li a formula is a finite conjunction of Hom 
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~~ ; a u su 1 ar f orm· _ ~Jc 
clcnJsular rorm 

::oucr·¡ e 1 auses. 

2 :o·- Oel;r;Jt!Oll.· Let P be a set of atomic propositíons tt-1en a tiQ[.Cl 

;¡~stem S 1s a p211r CP,CJ, wt1ere C is a set of nontautologícal Hon·, clauses 
rererencincj U:e atO!Ylic propositions in P 

,6 e; .• :[élli !S ttlen naturally rnode11ecJ a dwected 
r'tOV a Unltar-y r:ead, in tr··ds model vertiCeS repre~;.~lJt U~ié atorn ~~ 

(J/)0:3 i ti ons o+ ~r-<:' s;:r, st.ern ZH~1 lj edges reDresent ti-~e el ause~3. 

2 i 1 - DetmitlO!I /-\ dlrected H 1s a rule hvDer"grap!l :rr 
V E E ( = 1 _ 

Any edge ot' H wi11 be calied a rule and any vertex an 2tnm c;t H .. e, 
r·ule of the foní1 ( T, ( vh 1) wil1 be denoted as T __. Vt,. Any subset o>' ,. '·'~,' 

be an mformation state of H, and U'1e set of a11 information states of H !]! 

tA; denoted by ISH ( ISH = 'P(V)) 

Then every atomíc proposítion p of a logical system wi1l De 

r'epresented by an atom vP and every clause of the forrn: 1\¡ PE p 1 p--" p' Cp t2: PJ a 

ru·¡e e= Vp _. Vp·, where Vp = ( vP pE P J. ln this way any Horn system 5 caít be 

rnode!led by a r'ule hypergrapr1, that will be denoted H(S) 

t~OIJV, we 1ntroc:uce a path-tlaset'! concept oí c1envat10n: 

:2.12.- Detii7/l/or;· Let H be a rule hype•''Jr-aph. P.. derivation or íJ ' 

r' wr·¡ere d 1s 8 verte:< ancl U ,:-Jn infcwrnation state. 1s an mcreas1r19 
s0 e1 s 1 t:2 s2 sH e,:;" 

(/) s0 ~O 

(/;J oto -o 
-822-
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T~''"" Pdge sequence of a denvatwn w1ll De called rule. seguence A, rule 
cor.tained ;r¡ tnt: rule se,~uence of a oerivat10n 1s said to be applied in it. A r·ule e 1s 
s2:ci ro tH' anc:; IC::itOiil': (J'ven an mtonnatlon state O lff t(e) hu 

l~ote u-;<:Jt t11e concept of derivation in rule rfypergraphs corresponds to u-¡é;t 

pr I:JrJICal cler :·Jatlon w1tn Horn clauses by moduspO!Ié'f/5 lf intor·rnatwn statt:s are 
1nter-r¡¡etecl as t11e conJunctJOn of the pr·opos1t1ons r·Ewesented Dy 1ts atorns, WhiC!~ 
a;-2 :assuméd to be true, therra rule 1s appl~cable if its preconditlons ar-e true, and 
u-,e set of true propositions after the rule is applied is augmented by íts 

cun:sequen t 

Th1s cornpletes the pat11 leading to t11e rnain results of [ 1 1), tt',at ~.tate thz¡t 

e:<lStE'nce or a derivatíon m a rule hypergraoh is equwaler,t ·_o ex1stence of a. 

feasible unit now in it. Trds r'educes the problem of ueduction w1th 
c,ropositional Horn clauses toa linear programmíng probhé'm 

2 i 3- Tr!&orr:>m· ([ 1 1]) Let S"' (P,C; be a Horn cl'!d let P' be a subset of 
P Ti'H"i'l the nontautolOQlUll Horn clause /\¡ p'"' F· 1 p __, p" 1s 1y denvable frorn 

tr-,e clausts m~; iff tr1ere 1s an u;-,¡ e flow frorn P' to p' ;, H 

P :r·,P.rl the nontzuto1ogical Hom c1ause /1¡ p'" r 1 p' ~ o" ;s 1 :,:31ly cerivable from 

-F ,, n ' ~ i"''P r 'S 3" 8Q"3¡ ) .... "·, W!l_r'"' 1 v r ~~ u._l - f 
restnctwn tor rNery verte:,; in r Vp : p' E P' J, an:j dv ts 1 fo¡-· 
Ji1 vertices in V-:: [ Vp·. p' E P'} u ( p" )_i 
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J.-

rnodel: g1ven 
u'ileiS?\ISt [3,7] 

Certatnty Factors ü1 the Linear 11odel 

D:-otabilistic: Log1c [9} and Fuzzy Logic [8, 12], even wr;en 

u-~-!n-9 tt~1e :'eSult of (2. 11) any C~rtaintv Factor.s ,A1get:-ía can b? rei},.JCed to u-,~e 

~_rc-.~;:rt-iZOT i~,n ct a,íunct1onal over a \H'Ifar-·l·rc' t:oundE:~J s.Dace it 1s of ::;Dec:al ínte:--s.st 

!n Fuzzy Log1c the Certamty Factor-sor a derl'vat;cn :::. t!H" rmrnnrJ:n cf a11 U12 

factors or tr~e ru1es and facts usetj 1n tr1e deri\.-'atlon. ·Hence) tr1e prob\en-: 13. te: !1nd 21 

der-¡vationwhich maximize this minHíiUíll, Since we consit1er facts as soec!al 
it'r o:; De t:w Certamty Factor of ruiP 1 Our prob1em 1s tnen 

max [ m\n [a:;: r-ule i 15 used in sch.ition f J: F is a solution) 

Thi':' 1s a max-mm protilern wJt:-, setup costs o:¡ lf f¡ > O or O 1f f¡ = o ovt-i­

soiut\Ons F to H(S) * f R D; F ¿O by theorem (214), where R is as desmbee! in 
sucl1 thec·r-ern 

Let x be an 1nteqer vector \Nlt!·í moexes on ;¡-¡e rulec::. of S, wt-ter·e \ 1 15 ecHJai te· 

:r f¡ =O, ar:d 1s. equa! to 1 othervns:" Ti1e fea:nbie set 1s· 

3, 1. 
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i'·!ow ttv'n, tne tunct10na11s· 

rnax; m in ( cc1 ·X¡ "' l ) : (F,X) ís a solution of (3 i) J 

e. u•·. m m i o:¡ Y.¡ = 1 l = rn m { o~ 1 • "·í .. ~ • ( l - x1 l : i "' 1 

L > m a>: ( e:.:, · i = i . n l. 

Ttwrefore, to fm(i U1e best Cer'tomty F:xtor~ lS equ¡vaient to t>· iern 

ma>: m in lo:¡ • X¡ + L • ( 1 - X¡) : 1 "' 1 .. n J 

H(S) * F R D ; f 2 o : F ~ f1 *X ; X E (0, nn 

h.nJ tr:ís problern can be so1ved as a rnixed inte9er iir,~.~,, 

ar1'i m;::u-rnin can be tr'anslated to a linear one. 

Over 

H(~,) ~* F R D 

f ~o 1 

F ;_ 

F3ctars 
¡;' ti p· } p' ·-!? p' 

ard 1s 

eq•Jai toO for a11 ·vert1ces tn - ( ( \10, · p' E P' t p'· } ).l and f''1 i8 2i bound fcr· f¡ 

(iike r. tr·1e nurnber of r·ules in::,) 

-825-



- - Conclus:lons: 

cal der1vat1on 
3y.sterns fr·orn a 

te 

Tr,¡s v,:c:rf: ooens two 1inc''C for futu¡-e researcll Fwst, the study of more 
!Jt'n<':c-al or· structLwed cornbinatoíJal rnooels :or se¿wci-JínQ 1n f<nowledge Bast=:s INitJ1 

Un,~enamty Seconr:J, the 1ncius1on or other Certcmty Factor A\Jeb¡·as m the \1near 
model 
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