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Abstract: weuse ai Directed Hyperg!*aph mode] that allows the reduction of

gerfvation in Horn Systems to the caiculation of a Lingar Programming problem

teasible solution associated to a Unit Flow searching, We explore the application of
this tool in the calculation of Certainty Factors. Since several Expert Systems
Knowledge Bases are expressed, or can be expressed, with Horn clauses associated
with actors, the results of this work can be applied 1o Knowledge
Searching in such bases. These results show the importance of the systematic
application of Combinatorial Optimization modals to Expert Sysiems.

{
oL

Resumen: Se uiiliza un modelo de Hipergrafos Dirigidos que permite reducir
una derivacion en un sistema de Hornoal caiculo de una solucién factible en un
prablema de Programacion Lineal asociado a 12 bhisqueda de flujos unitaries. Se
2 la aplicacion de esta herramienta en el calculo de Factoras de Certeza. Como
las Bases de Conocimiento de muchos Sistemas Expertos estan expresadas, ¢ s
r, en cla

, Gusulas de Horn con Factores de Cerfeza asociados, el
recyltado de este trabajo se puede aplicar directamente en 12 busqueda en tales
Pases de Conocimiznto. Estos resultados ruestran l2 importancia de 1a aplicacion
" cislematica de 105 modelos de Optimizacion Combinatoria al area de Sistemnas
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1. - introduction:

in last few years, Expert Systems [2,5] have become one of the miost
wnportant areas in Artificial intelligence. Tms technology has been developed Tor a
wide variery of practical problems resolution, and has been established as a new
pr‘«::gramsmmv. methodelogy paradigm. In this way, the knowledge used tuilding a
1 transcends program Vimits and become part of the data That is why Expert
are also called Knowledge-based Systems.

ystemns

yarious schemes are used fo represent a given Knowlsdge Base Such a
usuaily modifiable by user interaction znc = iondied
produce new kpowledge or to check if @
§ represented knowledge Ge—nera.l} these operations have Daen
=ean 25 2 particular case of logical deduction and have been treated with logical

e Base 1s

_..r_r__‘,

emi inoorder (o

From other pownt of view, wn [11], 1t was presentad a directed hypergraph
pased model Tor Horn clauses systems, which leads fo the equivalence between
logical deduction in such systems and a linear programming problem corresponding
to g generahzauon of flow to directed hypergraphs. With this approach, we consider

in this work the inclusion of Certainty Factors in the model

insection : we present the definitions and results of Directed Hyperaraphs,
Flows and Horn Systems that we use in this work. In section 3, we consider various
schiesmes for Certainty Factors and how Can pe 1imp lemented in this Linear Model

-817-



2.- Directed Hypergraphs and Horn Sysiems

irrorder to work with the dual of jinear problems formulated on the ncidence
matrie of a graph, Berge [1] introduced the defimition of hypergraph, a
gerecalization of the concent of graph, which consist of a set of vertices and a
family of hypereaqes, each one a subset of vertices with cardinality not restricrad
tobe equal o two (32 1112 0n graphs). In this way any matrix with only zero or one
valued entries 18 the incidence matrix of & hypergraph and 50 it is its transpose
Usually emnpty byperedges are undesired, and isolated vertices are also forbidden, in
orcer 1o assurs fhat the dual holds the same property The same idez may be
trivially extended to directed graphs, leading to the concept of directed hypergraphs
i dihypergraphs

20 - Derinitionr Let V. be a finite nonempty set, and let £ ¢ 2(v)2
Then the pair H = (V,E) is a directed hypergraph iff v e € E such that e =
(t(e),nle)

An element of V will be called a vertex and an element of E will be called 2
hvperedge or simply an edge when not leading to confusion. Henceforth, the set of
all vertices of a directed hypergraph H will be denoted as Vy and the set of all its
edges as £y, when not Teading to confusion the subindex H will be omitted. If 2 = (¥,
V") is an edge of a directed hypergraph, V' will be called the tail of ¢, and V" the
head of e Tie tall of an edge e will also be denoted as Lie) and 1ts head as hie).

A directed nypergraph is theretore a pair of sets a set of vertices and 2 sat
of hyperedges, where the head and the tail of a hyperedge are allowed to be any pair
of disjoint set of vertices, not both empty.
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norme woreoany imite set e allowed To0 De an Index Sl A vectnr A
cet I will be denotedby A=Ca ie!), and g will be the entry o A
rmatrix I indexed on two get; Iand J, will be denoted by M= (m;
where m; ; will pe the entry of M indexed by 1 and |, M mav u«~
sz veglor 1.r.de><e0 on the cartesian product of | and J, that 1a M = {
% J) A function F with domain in a finite set D will be represented

with index on 2
\I' ced by /5‘
N
IN

“"\ ..,.,v (
Sted ied
mnerprered a
My - L1le
by the vector

={(fy.deD)where fy=F(d

2Z- Deripition Let H be a directed hypergraph. Then the inciaznce matrix
of Hwillbe H ={r,. VeV, eeE), where:

-1 it (vztle))

foo = | it (vehle)?
]
[0 it {vetlelinler
Any matrbx with only f.'.‘, band -1 vaiued entries (3 then he Incidence matrix

s not have Two equal Columns oF 2 Zere column

Mow we evtend the concept of patin to directed hy

= Derinition: Apath, from sy 10 S, > 07, in 2 directed hypergrapn H is a
sequence ot form
Sg€151€282 S & 5y

s

Where:

The edne sequence associated to a path 1se,e. . el The lengln of a

path BoCdencted by length(P) 3 13 the total number of scourrences of edges in
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e

. 0y =
..S; -CL)—'(

1S =1 ':ef.;z (e

2y weak path ¢

oncept f»ié-;{r we introduce the stronger concept of
wtnc whers the initial set of vertices $p grows in the path by mean uf

D= et iien MCreasing path i 3 directed hyperqraph = 13 a path of
The Torm )
5591516‘152 :L_1€-r\-.K
Wher e
S Sy )

{7/

Mow we present a generalization of the probiem of flow in networks [4] to
direcred hyaergrap s. Most of notation and dafinitions are extended from [10]

25- D.c—/‘ nition: Let H be a directed nypergraph. Thena flow F in H s

; f H into the réal numbers, 1. e F:E= B The value

) w;?': m-‘ c.‘.;_a'isc;: the fiux of the edge &0 A flow F 1§ an integral flow 1ff for
of & 18 Integer, that s’: ge(Fy © N Fora flow F, the set of
, /e flux will be denoted asP(F), e P(Fi=lee £ F(e)s O
flow Fwill be called o honnegative flow Iff it has nonnegative fiux for all edoges,

Ly

28 Defilion Let H be a directed hypergraph and let
The divergence funciion of Fis Dive V= |, where,

VYR T (e) - S
DIVEL V) = Ziiecpavene P8 — 2 (ectvee) F(8)

Mote that divergence function for v; can be calcuialed oy multiplying i row
of the incicence matrix of H by the vector F. Therefore:
2.7 - Lemma Lel Hbs adirected hypw aph and F a Tlow in H, then

H*F =D E
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SRETIAL MTEreST The Consukeralion ol nonneaalive Tiows  wiih

i the divergences Tnese restrictions witl be, tor the diverge:‘\.ce of
e of the following types equal to a given value, 1ess than or equal,
of egual, uru—:trxcted Now, if R is a vector of restrictions and D a
constant vecior, both mdexcd on Vy then the set of nonnegative flows satisfying
such restricthions, will be equal to the set of feasible solutions to the linear
programing proplem H*F RD; F 2 0 Since for the scope of this paper only
nonnegative Tlows are relevant, thereafter whenever a flow appears it will be
assumend 1o be a nohnegative flow,

28 - Dafinition: Let H be a directed hypergraph, V' ang V" disjoint
aunsels of ) and 18t F be a flow in H Then F is an unit flow from V' to v iff

‘. vve V" (Divelv) =17

(17 vyveV -0y (Divplv ) =03

Wote thal aumt Dow 12 a special case ¢ Ow, 30 a flow 15 a unit
Iow 1T it e a feasible =olution of the iinear problem H~F R D,' F o0, wherer,

PR egualITy TOr BVery vertax In Y - V' and NG reSTRISTION For Svery vertev in v
and d 190 foralivertices in V7 and O for all verficesin V-0 V' U V") This can
Lated in the folivwing lemma:

N
—r

]

2 - Lemmz Let Hbe adirected hyperqrap\ Viy VT two ¢ }omx subsets of
V,oand Faflow inH Then F is aunit flow iff it 15 a feasible solution of the linear
proptem H*F RO F o0, where R and D are as described anove

.

g8

sauce the logic model we use in thic work. 1t 15 based in 2
«;::1auges YETY mp wriant for the mrnp s ry of the dermvations

mich there 15 or\.'!y one atoml( e ;(y\ tlon at thﬂ rlght side, 18
Apperpy b= pif 2 formula is 2 finite conjunction of Horn
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of the form:

L

clagses b @ said thal 10 e an ko causular . :
where p' e P s a tautelogy, so any fermula in Horn clausutar form

(peri P P,

w

can by assume to have not such clauses.

210 Definition: Let P be a set of atomic Uropositmﬁ“ then a Hoon
;agstem S 1s z pair (P,C), where C is 2 set of nontautological Horn clauses
elerencing anly the atomic propositions in P.

A Horn svetem 18 then naturally modeiled by a
Ages having 2 unitary head. In this model vertice

£ i

nropositions of the system and edoes represent the clauses,

9]

200- DPetiniizon A directed hypergraph H 18 a rule hypergraph

Any edge of H will be ca‘ ed a rule and any vertex an atom of H A
role of the form (T,{v, 1) will be denoted as T — vy Any subset of V will
oe an information state of H, and the set of ail information states of H will
ve denoted by 1Sy (1S4 = 2(v)).

Then every atomic proposition p of a logical system will be

represented by an atom v, and every clause of the form: Apepyp—= p' (pa Pl by 2
ruie e = Vp — vy, where Vp = [ v, © p e P 1 In this way any Horn system 5 can be
modelled by a rule hypergraph, that will be denoted H(S),

How, we Introduce a path-based concept of derivation:

T2~ Definition Let Hbe arule hivpergraph, A derivation of o “rom O in
rowhere d1s averfexs and O aninformation state, 15 an increasing parh, of (e Jonr
Sgf1S18252 . Sk B Sy
¥here
) 55=0
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The edge sequence of a deriwvation will be called rule_sequence A rule
contained in the rule sequence of a derivation is said to be applied in it. A rule e is
said To be appicatie qrven an ntormation state O 1ff t(e) €O

Note that the concept of derivation i ruie hypergraphs corresponds to that
of Toqical derivation with Horn clauses by moous ponens If information states are
interpreted as the conjunction of the propositions represented by its atoms, wnich
are assumed to be true, thena rule 1s applicable if its preconditions are true, and
tm: set of true propositions after the rule is applied is augmented by its
consequent

This completes the path leading to the main results of [11], that state that

evistence of a derivation in a rule hypergraph is equivaient fc.existence of a

easible unit flew in it. This reduces the problem of logical deduction with
positional Horn clauses to a linear programming probism.

ystem and et P' be a subset of

213~ Tneorem: ([11]) Let S =(P,C)be aHorn }
"s iogically derivaple from

s
P Then the nontautological Horn clause Ay o p i =
the clauses in S iff there is anunit flow from P top”

244 Thsoren (11D Let S=(P,Cibe 3 Horn <, ystem and let P be a subset of

F Then the r.c-r\,tamuogma Harn c.}awc Afpep i = plisogical rom
he ¢ auses in'S iff there is a Teasibie solution of the linear probiem HS) *F R D
; F x 0O, where r, is an equal 1t\ for every vertex o ¥V - {vy p' e P'1 and no

restriction for avery vertexintv, :p'e P}, and d, ie i
A

ail vertices inV-C vy p'eP U (p"])

for vy and is equal o O for
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3.- Computing Certainty Faciors in the Linear Model

Certainty Factors Algebras have Deen ceveloped o deal wilh

sngertain knowledge in Expert Systems. The most 1mportant Tiodels ones are the
models given by Propapilistic Logic [9] and Fuzzy Logic [8,12], even when rmany
urhersexist [3.7]

U=ing the result of (2.11) any Cartainty
3 functional over g inearly .upa :
eis thah can be translafed to Dnear tunchions Thus reducing the searching

1N EROW

e Bases with uncertainty 1o hinear Drogrdi_nm|,.g proplems In
even when Probabiiistic Log roaulT tunctionat,

D
ows a Nnear formulation. that we present in this seciion

O oproguces 2 complex

i Fuzzy Logic the Certainty Factors of a gervation 1s the minimum of ail (ne

_’factors. of the rules and facts used 1n the derivalion. Hence, the probier 13 to Tind 2

derivation which maximize this minimum, Since we consider facts as special rules,
iel g De the Certainty Factor of ruie 1.0ur problem 1s then

max [ min { e rule 115 used in sclutionF ) F is a solution |

This 15 @ max-min problem with setup costs e 1f i > 0 or G if fj = O over
solutions F 1o HS) *F RD: F20 by theorem (2.14), where R is as describad in
such thecrem

Ler X be an infeger vector withindexes on the rules of S, where x; is egual 1o

Gt =0, and 15 equal to | otherwise The feasible set 1s

where Mg z bound for ) (hike n, the numbar of rajesin S0
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Now then, the functional 18
max (min (e % = 1) (FX) isasclutionof (3.17]

But min feg % =11 = minfegsx L (=)l =1.ni where

Lamax (e =100
Therefore, to find the best Certainty Factor 1s equivalent Lo the niobiem
mavminleg*x+L*(=-x):1=1.n}

S *F RD ; F20; FeM*X ; Xelonn

And this problem can be solved as a mixed integer linear pro aming, since
ted for
(K- P

any max-min functional can be transiated to a linear one. 1
this case as follows:

Fuzzy Certainty Factors

i€ clause Aqy . p 10 =

-y e N S s
3.2~ Theerem Lelo =

associated to eachrule | Then

is:
max b
Over
};lﬁ;"x}*;’i;'}i_v\u—\;ri:t i,
e,
Hisy *F RD
F:0,
Fam=3,
- - s
% oe 10,11
where Lomax (e 1= 1. nl,n, 15 an equalily for every vertex in ¥V - [ vy .
o' e P'1oand no restriction for every vertex i (v p el 1, 4, 15 1 for v and 1s
egual to O for all vertices in V=( vy peP it (p 1), and M is a bound Tor T

(Tike n, the number of rules in 9).
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ef we fhave shown the usefulness of laokang at logical derivation
rtal 1 Expert and Knowl Cge based Systems from a

¢ Certaint
‘.)-1»C.r«€;~'i

-
(RO RT-IN

PR S ]
v T Lranas)

-

low in Dire

but also prachical, s

oy

L

This w opens two Hines for futurs research. First, the study of more
general or structured combinatorial models tor searching in Knowledge Bases with

uncertainty Second, the inclusion of other Certainty Factor Algebras in the linear
model.
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